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Abstract: We herein present a direct numerical simulation method aimed at describing the
dynamics of helical vortices such as those developing in the wake of propellers and wind
turbine or helicopter rotors. By enforcing a helical symmetry, the 3D incompressible
Navier-Stokes equations are reduced to a 2D problem which we solve using a generalised
vorticity/streamfunction formulation. In this framework, we simulate the viscous dynamics of
one or several helical vortices and describe quasi-steady states as well as long-time (or far-wake)
dynamics. In particular, several types of merging in the two helical vortex systems are identified.
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1 Introduction

Rotating devices such as propellers, wind turbines,
helicopter rotors are known to develop a system of helical
vortices in their wake. These structures result from the rapid
roll-up of the vorticity sheet continuously generated at the
trailing edge of the rotating blades. Experiments show that
they interact with the mean flow: the radius of helical tip
vortices follows the expansion (resp. the contraction)
of the fluid tube passing through the turbine (resp. the
propeller) and becomes constant within a downstream
distance comparable to the diameter of the rotating device.
At this distance, the fluid system — apart from turbulent
fluctuations — has locally become helically symmetrical,
meaning that it is locally invariant through combined axial
translation and rotation about the same axis. In most real
situations, this property does not hold into the far wake:
instabilities often develop and drive the system to a
fully three-dimensional turbulent flow. In some cases, a
bifurcation may lead to a completely different wake
structure, as in the case of the vortex ring state in helicopter
flight (Green et al., 2005). In all instances however, it is of
great interest to have a reliable description of the reference
helical flow at sufficiently high Reynolds number, so that its
subsequent evolution can be predicted, for instance, by
standard instability theory.

Earlier descriptions of such helical vortex systems
made use of the vortex-filament model. On one hand,
Hardin (1982) gives an expression for the velocity field
induced by a helical vortex filament on the surrounding
fluid. This is useful to compute the angular velocity induced
by this vortex onto another vortex of the wake (mutual
induction). On the other hand, it is also necessary to
evaluate the velocity induced by the vortex filament on
itself (self-induction). This can be done either by the cutoff
theory (Saffman, 1992) whereby the singularity of the
filamentary Biot-Savart law is removed (Widnall, 1972;
Moore and Saffman, 1972) or by directly removing the
singularity on Hardin’s solution (Kuibin and Okulov, 1998).
Further extensions to helical vortex tubes with finite core
size have also been developed (Fukumoto and Okulov,
2005). All these studies are aimed at analytically predict the
motion of a helical vortex system with prescribed geometry
(helix radius, helix pitch and, when necessary, vorticity
distribution within the core).

In the small core limit and in the inviscid framework,
such solutions are known to be ‘shape-preserving’, meaning
that they are stationary in a reference frame rotating at the
angular velocity predicted for the system. When the core
size is finite, the question is raised whether a given vorticity
distribution may yield a stationary state or not. In a
numerical study, Lucas and Dritschel (2009) recently
answered this question for the particular case of inviscid
helical vortex patches (uniform vorticity within the core)
with prescribed helix radius and vortex core size. Note that
the above studies are all strictly restricted to the inviscid
framework, a condition for the existence of stationary
motion without any forcing.
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As mentioned before, wake vortices form through
the roll-up of the trailing vorticity sheet, and viscous
diffusion eventually leads to continuous distributed vorticity
distributions within the vortex cores, such as Gaussian.
Moreover, a distribution of axial velocity may also be
present, which has always been disregarded in the
literature. The complexity of this general problem would
lead to use a three-dimensional DNS code. However, the
attainable Reynolds numbers are still moderate and
long-time dynamics clearly out of reach with nowadays
facilities. We present here an original numerical code aimed
at describing the viscous dynamics of helical vortex
systems, and more generally helically symmetrical flows
by direct numerical simulation of the incompressible
Navier-Stokes equations. The enforcement of the helical
symmetry allows one to reduce the three-dimensional
equations to a modified two- dimensional unsteady
problem. The code thus takes into account 3D vortex
curvature and torsion effects through the helical symmetry,
but the resolution is of a 2D type, allowing for larger
numbers of grid points and Reynolds numbers.

The Navier-Stokes equations with helical symmetry
are presented in Section 2. The numerical formulation
is described in Section 3. Viscous quasi-steady states
consisting in one or several helical vortices are presented in
Section 4. Long-time (or equivalently far-wake) dynamics
have also been investigated and different types for the
merging of two helical vortices are presented in Section 5.
Concluding remarks are given in Section 6.

2 Navier-Stokes equations with helical symmetry

A flow displays helical symmetry of helix pitch 2zl along a
given axis when its velocity field is unaffected by an axial
translation given by a length parameter Az followed by a
rotation of angle A@ = Az / L around the same axis as
depicted in Figure 1. The flow characteristics remain
invariant along the helical lines @ — z / L = const. L > 0
corresponds to a right-handed helix and L < 0 to a
left-handed helix.

Figure 1 Right-handed helix of reduced pitch L (see online
version for colours)
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Denoting time by the variable ¢, an unsteady scalar field f{¢)
possesses helical symmetry if it depends only, besides time,

on the two space variables » and ¢ = -z / L instead of the



96 1. Delbende et al.

three coordinates », @ and z. For a vector field u(f), helical
symmetry means that it can be written as

u :ur(r’(p’t)er(e)
+ u,(r,p,t)e,(r,0) (1)
+ uB(r,Ap,t)eB(r,H)

where the orthogonal Beltrami basis (e,, e, ep), presented in

Figure 2, is such that

ey (r,0) = a(r)[ez +%e€ (e)},

()
e, (r0)=ezxe, = a(r){eg(ﬁ) —%ez}
with quantity o(r) defined as
22
a(r):[1+—2j , 0<Za(r)<Ll1. 3)
L

Figure 2 Local helical basis (see online version for colours)
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A general incompressible helical flow can be expressed
with only two scalar fields as:

Uu=up (’”»‘P»t)eB +a(r)Vw(r,<p,t)><eB (4)

where up(r, ¢, t) is the velocity component along ep(r, 6)

and Y(r, p, t) is a streamfunction. Note that the vorticity

field can be expressed as follows:

o =wg(r,p,t)eg +aV (WJX%. &)

The vorticity component along ep is linked to the
streamfunction ¢ as well as to up by the following

relationship

2
wy =L+ Z%MB (6)

where the linear operator IL stands for

2
L(~)=iﬁ(m23<->j+ Lo, ™
7 or

a Or % 8<p2

The total vorticity and velocity fields are thus given by only
two scalar fields wp(r, ¢, f) and up(r, ¢, f). The
streamfunction (r, ¢, f) is slaved to these variables through

equation (6).
In order to describe the flow evolution, we hence have
to obtain two dynamical equations for quantities ws(r, @, f)

and up(r, o, f). This formulation is a generalisation of the

standard 2D -@ method. Indeed the 3D Navier-Stokes
problem for a helical symmetric flow can be reduced to a
dynamical equation for up(r, ¢, f) and ws(r, ¢, f). The first

equation reads as

atuB + NLu = VTu (8)
where the non-linear and viscous terms are given by

NL, =ep-[o x ul,

U

9
VT, EI/|:]L(M—BJ—%COB:|. ©
a

The dynamical equation for w; reads

0,05 +NL, =VT, (10)
where the non-linear is given by

NL,=eg-V x [ x ul, 1D
and the viscous term by

VT,=-veyz-V x [V x @]

2]

a L 2L a

More details can be found in Delbende et al. (2011).

3 Numerical formulation

As variable ¢ = 8 — z / L is 2z-periodic, the fields can be
expressed as Fourier series along that direction. We hence
introduce the ‘azimuthal’ modes u{" (r,t), @Y™ (r,t) and

write equations (8) and (10) for each Fourier mode m (m is a
positive integer). For the axisymmetric mode m = 0, the
dynamical equations are written for the real Fourier

modes ug))(r,t) and ufpo)(r,t), instead of a)g])(r,t). From
quantities ugm)(r,t), a)g")(r,t) for m # 0, one obtains the
values ¢")(r, £) for m # 0 using equation (6) written for

mode m:
) 2
L“")ww):—a)gmu—i‘ u” (13)

(m)

where the operator L' is given by
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10 0 m’
L =——(ra2— : ]—— ), 14
¢) or ar() rza() (14)
together with the boundary conditions for ¥"(r, £). The
time evolution of mode ug”) (r,t) is governed by
duy" + NI =yT™. (15)

As the viscous term VT, is a linear term, one directly
obtains

(m) 2
VY;(m) —v |:L('") (”B_j _2La)g”) :| (16)
o L

There is no such simple expression for non-linear terms:
NL, has to be first evaluated in the physical space and is
then Fourier-transformed to yield NIL™. The time

evolution for modes a)fg’")(r,t) with m # 0 and mode

ufjo)(r,t) is treated in a similar way. The code has been

adapted from a pure 2D code written by Daube (1992). The
time advance of any of these modes is performed using
second order backward discretisation of the temporal
derivative. Non-linear terms appear explicitly through
second order Adams-Bashforth extrapolation whereas the
viscous term has been made implicit.

Boundary conditions should be also imposed for "

(m) 0

with m # 0, wup” and wug,’. In addition to regularity

conditions at » = 0, one should impose conditions at the
outer boundary taken to be at » = R,

a)}}m) (Rext ) = O’ ul(f?m) (Rext ) =0 for m# 0’
o (17)
ug)) (Rext) = a(Rext )(UZ +_j'

27T

A boundary condition for ufoo) is also imposed at the outer

boundary. These conditions are described in a much more
detailed way in Delbende et al. (2011).

For spatial discretisation, two series of N, grid points are
defined in the radial direction:

r.=(i—-1or

i=1--,N,),
=r+0r/2 ( )

+_
no=rog
i+—

2

where or = R,,;/ (N.— 1) and only one set of N, grid
@;=jop (j=0,Ng=1), oy =, =0,

where 0p =27/ Ny In physical space, quantities uz(r, ¢, f),

wp(r, , 1), Y(r, @, f) radial components u,(r, @, {) and o7,

©, t) are defined at points (7, j) (which stands thereafter for

(73, ;). Azimuthal components u,, (7, @, £) and @, (r, @, ?)

. . 1
live at points (i+5,j).
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Non-linear terms such as NLfIm) are needed at points r;,
so that we have to compute the non-linear terms NL, = (@ X
u)z = w, u, — w, u, in physical space at points (i, 7). To
summarise, one needs to evaluate various quantities at

different grid points: @, u,, @, u, at points (i, j), @p u, at

. 1 . .
points (i+5,j), —wg u, at points (i, j) and ué at points

(@)
The resolution of the dynamical equations requires the
radial discretisation of operators L™, V7™, V1™ at each

radial location r; with 2 <i < N, — 1. This is performed with
a second order centred scheme: according to the dynamical
equation considered, the resulting system has a tridiagonal,
pentadiagonal or hexadiagonal structure, and is solved using
a band LU factorisation of the LAPACK library. As each
mode m is treated independently, parallel computing with
shared memory can be most conveniently implemented.

4 Quasi-steady helical vortices

Here we simulate the evolution of a single helical vortex
with small core size at a low pitch value. The initial profile
is given by

r
Wy :—Ozexp[—(r—ro)z/ag], (18)
may
and
Up Iy
B _ 0 19
a 2zl (19)

In the above formulas and hereafter, quantities are
dimensionless, scaled with the helix radius R as space scale,
quantity R* / T as time scale, where I is a typical vortex
circulation. Here, I'y = 7, ry = (1, 0), @p = 0.1 and we
set the reduced pitch to L = 0.5. The Reynolds number is
Rey =T,/ v=1,000. The numerical simulation is performed

with a domain of radial extent R,,, = 2 meshed by N, x Ny
grid points, where N, = 512 and N,= 384.

The temporal evolution of the helical vorticity
component @ is shown on Figure 3. At short times, small
helical filaments are rapidly formed (¢ = 0.08, 0.012) and
destroyed (¢ = 0.2, 0.4). Indeed, the vortex tube as a whole
engenders a local strain. As the initial condition is not an
inviscid equilibrium state, strain is not counterbalanced by
advection. Similarly to the purely 2D vortex case subjected
to an external strain, the vortex reaches equilibrium by
emitting filaments at its boundary. Thereafter the vortex
adopts a shape that remains nearly constant. For ¢ > 0.4, it
evolves on a slow time scale imposed by viscous diffusion
and proportional to the Reynolds number. The helical vortex
has thus reached a quasi-steady state when considered in a
reference frame rotating with it at frequency w.
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Figure3  Convergence of a single helical vortex with L = 0.5 towards a quasi-steady state: temporal evolution of the helical vorticity
component @y at Rey = 1,000, viewed in a plane perpendicular to the helix axis (see online version for colours)
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Note: The initial vortex is such that ') = =,
ro= || o H = 1,a0:0.1.

Figure 4 Angular velocity a(f) of the helical vortex of Figure 3 Figure 5 Quasi-steady state for two vortices represented in 3D
(see online version for colours) (see online version for colours)
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Note: Comparison between DNS and semi-analytical

cutoff theory. Note: The parameters are rp =1, L =0.5.
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Measuring the angular velocity a(f) obtained by DNS and
comparing with the theoretical value obtained by the cutoff
theory (Saffman, 1992) is one of the validation
tests of the numerical code. The cutoff results are here
semi-analytical since they use the quantities core size a(?),
distance 7.(f) from the axis and core circulation I'(?)
evolving in time and given by the DNS. The comparison is
shown in Figure 4, and is found very satisfactory once the
filaments have been destroyed and that the vortex has
reached its quasi-steady state.

It should be noted that vorticity isocontours in Figure 3
are presented in a plane perpendicular to the z-axis: the
curved/elongated shape adopted by the vortex for ¢ > 0.4
corresponds in fact to a quasi-circular core shape when
considered in an inclined plane perpendicular to the
vortex tube.

This can also be seen on Figure 5, presenting a
quasi-steady state made of two helical vortices. In this
snapshot, the 3D helical structure of the vortex has been
materialised. It is clearly seen that the cores are indeed close
to circular while they are strongly deformed in the bottom
plane perpendicular to z.

The numerical code thus makes it possible to obtain
quasi-steady states of the Navier-Stokes equations with one
or several helical vortices of given pitch. Note that the
three-dimensional stability of these obtained solutions is not
known since helical symmetry is enforced by the current
formulation. Some states are stable, but other might be
unstable with respect to perturbations breaking the helical
symmetry. In this latter case however, the present numerical
code is able to generate unstable basic helical flows that can
be injected for instance in a fully three-dimensional code in
order to determine various instability properties. This
corresponds to future work.
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5 Merging of two helical vortices

The above helical quasi-steady states evolve on a slow
time scale associated to viscous diffusion. In the pure
two-dimensional case (L = ), it is known that two identical
vortices rotate around each other for a period of time
proportional to Reynolds number (Josserand and Rossi,
2007). Eventually, their mutual distance suddenly decreases
and, after some rapid oscillations, vanishes, indicating that
the vortices have merged. The distance of one of the
vortices from the z-axis during this process is plotted in
Figure 6 (curve L = o). The merging time for this 2D
case is 575.

Numerical simulations have been performed at the
same Reynolds number Re, = 10,000 but for helical
vortices at finite L values. Figure 6 shows that decreasing L
progressively slows down the process; at L = 3 the merging
time is 600, and can reach values as high as 1,400 at L = 2
(not shown). For the above values of L, the merging process
is close to that occurring in the pure 2D case, as shown by
the snapshots in Figure 7 (see two top rows).

When L is lowered to the value 1.3, another type of
merging is observed: as shown in Figure 7 (third row), the
vortices gently come into contact at ¢t = 2,610: the helical
vortex cores have grown through viscous diffusion up to a
point where turns belonging to the two distinct vortices
touch. Viscous diffusion then drives the system to a
cylindrical annulus of vorticity (see ¢ = 4,400). Thus, for L
values close to 1.3, a very slow, merely diffusive merging
process takes place, which involves successive vortex turns.

Figure 6 Merging of two helical vortices at Rey = 10,000 for different values of L

Tmax 1-91
0.8 1.3
1 2
3
0.5¢ L =00
0
0 200 400 600 800

t

Notes: Time evolution of the distance 7, of one of the vortices from the axis. Initial helices 'y =1,

o= 1, a0=0.2.
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Figure 7 Snapshots of the helical vorticity component wp during the merging of two helical vortices with pitch L at Rey = 10,000

(see online version for colours)

0

Note: Time evolution of the distance 7, of one of the vortices from the axis. Initial helices are such that 'y =1, ry=1, ay = 0.2.

For smaller values of L, the dynamics is again much
different. In Figure 6, the curve r,(?) relative to L = 0.8 is
seen to become strongly erratic at some time (here near

= 300). Beside the helical symmetry, the two-vortex
initial condition is invariant through the transformation

@ — @ + & For the largest investigated values of the
reduced pitch (L > 1.3), this additional symmetry is

preserved during the whole simulation. By contrast, the
dynamics for L = 0.8 plotted in Figure 7 (bottom row)
shows that it can break at some time (see ¢ = 350), and the
two helical vortices interact in a complex way. Symmetry
breaking causes the periodicity along the direction ¢ to
change from its initial value 7 to the value 27, and therefore
the periodicity along the axial direction z also changes from
7L to 27L. The phenomenon has much in common with the
subharmonic pairing instability of a row of straight vortices;
here it involves two neighbouring turns and the patterns

observed look similar to those obtained during the merging
of two vortex rings (Riley and Stevens, 1992). Clearly the
proximity of turns belonging to the two vortices at small L
values is responsible for such interaction, and the structure
resulting from their merging is a single helical vortex with
large core size (see ¢t = 500).

6 Conclusions

In this article, we present an original DNS code aimed at
solving the Navier-Stokes equations for incompressible
flow with helical symmetry. In this framework, the
dynamics is governed by a set of three coupled equations
for the helical components of vorticity @, of velocity ug

and for the helical streamfunction 1. The code is shown to

give access to quasi-equilibrium states representing one or
several helical vortices. The present code has several
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advantages: while taking into account three-dimensional
effects of curvature and torsion, the resolution is basically
of the 2D type, which allows for finer grids, higher
Reynolds numbers and longer integration times. For
example, this allows one to investigate the long-time
dynamics of merging of two identical helical vortices at
Rey = 10,000. It has been found that, at high values of the
helix pitch (typically L > 2), the merging process is similar
to the one obtained in pure 2D dynamics, but occurs
on larger time scales as L is progressively decreased.
At intermediate values of the pitch (L = 1.3), a slow
diffusive-type of merging occurs between successive turns
of the two-vortex system. At small values of the pitch
(typically L < 1), adjacent turns interact as in a subharmonic
instability process while remaining helically symmetrical.
Of course, this latter symmetry may not hold in a three-
dimensional framework, and some results of the present
study should be confronted to fully 3D computations.
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